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With Treatment

Pardi Affandi

Abstract: This paper aims to made a model and analyze the a dysentery diarrhea epidemic using a SIR-T (Susceptible-Infected-Recovered and
Treatment) From the model obtained, be analyzed the stability criteria around the disease-free equilibrium point. Next, perform Optimal Control
used treatments. Furthermore, by involving The Portryagin's maximum principle to complete the Mathematical Model of dysentery diarrhea

epidemic obtained.
Index Terms: SIR-T model, dysentery, Optimal Control
*
1 INTRODUCTION mathematical solution. If the solution is invalid or does not
DYSENTERY diarrhea epidemic is spread by fecal meet the mathematical model, then the solution to the
contamination of food and water, usually in impoverished problem has not been found, and need to solve the
areas with poor sanitation. Someone said to suffer from mathematical model [5]. The control can be carried out
diarrhea when the stool is more runny than usual, or when precise mathematical modeling, L Ross (1911) first modeled
defecating three or more times, or defecating watery but not the spread of disease using mathematical models. Kermack
bleeding within 24 hours [6]. According to the results of the & McKendrick (1927) continued to introduce one of the
Basic Health Research [4] showed that Dysentery diarrhea basic epidemic models, SIR. This model consists of three
disease is the main cause of death in infants. Likewise, the compartments namely Sucseptible (vulnerable), Infected
data obtained from the Head of the South Kalimantan (infection), and Recovered (cured). Therefore, it is
Health Office of Banjarmasin City, Dr. Diah R Praswati in necessary to have an action to reduce the rate of spread of
August 2018, recorded that there were 924 people suffering diarrheal diseases, one of which is to know the pattem of
from diarrhea. This number increased from July to 839 spread of diarrheal disease. Mathematics can be used to
people. However, this number is still lower than before in determine the spread pattern of diarrheal diseases by
January 2018, there were 1,067 diarthea patients recorded, utilizing the SIR-T mathematical model. Mathemathical SIR
then in February 2018 the number was 944, March 2018 model and SEIR model research by P Affandi and collegues
were 946, April 2018 were 980, May 2018 were 1,011, June [1][2]. Research on the model of the spread of diarrheal
2018 were 992 and July 2018 were 839 "This data is taken disease has been widely carriedfZlit. One of them is
from 26 health centers in the city of Banjarmasin. The modeling the spread of diarrheal disease as a result of
eradication of diarrheal diseases is always carried out by research by Ojaswita Chaturvedi and colleagues [3]. The
the government through the South Kalimantan Health research formed a SIR mathematical model with a case
Service (2016) and their achievements have improved, study of the spread of Dysentery diarrhea disease with one
especially after the dry season, but it is still a problem and population, because it only examined one population then
need to make even harder efforts to achieve the target of in this model the death rate of diarrheal disease was not
diarrhea free of 2025. So in addition to treatment, also considered. S.0. Adewale and colleagues (2015) also
needed the right treatment, treatment is a step taken to maked research abo@ model considered four (4)
overcome existing problems. In addition, another alternative compartmental models to gain insight into the effect of
to eradicating disease is to form a model to further control vaccine on the dynamical spread of diarrhea disease in a
or control it. community [7]. In this study, the authors examined how the
A model is a general characteristic that represents a group spread of Dysentery diarrhea through disease models of
of existing forms or representations of a problem in a the SIFl-T_(Sus—::eptlble-I_nfected-Flecovered WIth_Treatm
simpler and easier to work form. In mathematics, model mathematical models will analyze the characteristics of the
theory is the science that presents the concepts of sets or spread of diarrheal disease. The SIR-T population model is
the knowledge of models that support a systematic system. a mathematical model to descrbe a disease involving
Model theory begins with the assumption of the existence of treatments where an infected patient can recover and get
mathematical objects such as the existence of all numbers the disease again. The initial step is to determine the
and then looks for the existence of operations, relations, or parameters that most _influr_ence Dyse_ntery _diarrhea disease.
axioms attached to each object or those objects. _Fur_thermore, controlling involves involving  treatment of
Mathematical models obtained from a given mathematical !ndlwc_iuals, and analyzing the level of Dysentery diarrhea
problem, then solved by the rules of the existing rules. infection.
Settlement obtained, needs to be tested to determine
whether the settliement is valid or not. A valid result will 2 METHODOLOGY
correctly answer the mathematical model and is called a The research is planned to begin by conducting a literature
review in the form of research results that reveal the
) . ) — formation of dysentery diarrhea disease models, especially
* Eirg;g;;ncg_:i;ﬁfgurz;f;;;@gﬁﬁiﬂu;{;\;zrsdas Lambung Mangkurat, the factors and assumptions of the models that have been
’ e o carried out by several previous researchers. The results of
the study form the basis for developing initial assumptions
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and determining initial models that can be implemented and
collecting secondary data through survey data through an
appropriate, reliable and valid data questionnaire. Stages of
processing research data using steps in the statistical ds
method, beginning with determining the parameters that are

ISSN 2277-8616

T _ rate at which infected people are recovered
The population of susceptible individuals further reduced by
natural death at the rate . We have

Frie (1 =p)A— BSI(t) + bV(t) = u,S(t) = pS(t)

most influential as a factor causing diarrheal disease. This

is done with the help of the regression method so that from
several factors a dominant factor will be obtained. The next
step, the most influential parameters will be involved in the
stage of establishing the diarrhea disease model, then
conducting control in the form of a vaccine and treatment to
complete the mathematical model of the spread of diarrheal

disease.

3 MobDEL FORMULATION

partmental models to gain insight into the treatment on

%ﬁoonsider an SIR-T model. The model considered for (4)
the dynamical spread of diarrhea disease in a community.

Assumptions used in the diarrtheal diseas

death rates are considered constant, population

susceptible classes and infected adults will
infected individuals can recover from diarrheal disease.

3.1 Model Diagram

This model subdivides SIR-T model. Thus, at time t, the

population:

(W]

1)

e

™

"
:
Fig. 1. Schematic representation of model

TasLEd)

DESCRIPTION OF VARIABLES AND PARAMETERS OF THE MODEL.

model
population of toddlers and adults whose natural birth and
is
homogeneous, meaning that every individual has the same
chance of developing diarrhea, transmission of diamrheal
disease only through direct contact with patient feces, only
one disease in the population, individuals bom from adult
become
individuals who are susceptible to diarrheal disease, and

The class population infecte@@liarrhea individual increases
by the susceptible individuals rate  the population later
decreased by treatment rate (1) for diarrhea infected
individual and finally reduced by the natural death rate,
induced mortality death rate at . Thus,

% = BSI(L) + (a0 + WI(t) = (a+ uyx)I(t) = p@I(t)

covered individuals are those that is further denoted by
the number of individuals who recover from diarrhea at the
time t. The population increased by new recovered from
infected individuals who acquire diarhea infection with
effective contact with people infected with diarrhea, the
population reduced by natural death i and progression from
recovered class to recovered class at the rate might also
from treatment. Hence,

O — (a4 w)I(® + TT() - URCY)

Individuals the treated class at time t denotes with,

-
% = p@I(Y) = TT(t) = pl)

3.2 Analysis Model

From the description of the dynamics of diarrhea as
depicted in Figure 1, we have the following set of ordinary
differential equations system.

is
= (1= DA = BSIV) + BV(Y) - w,S(0) - S(t)

i
;—i = BSI(t) + (a + p)I(t) = (o + ux)I(t) = p@IL)

(:’—'l: = (a+uz)I(t) + TT(t) — pR(t)
dT
26 = PO —TT() - ul®

gm initial conditions S(0) = Sy, 1(0) = ly, R(0) = Ry, T(0) =
To.

3.91 Existence and Uniqueness of solution
Theorem 1: Following (Derrick and Grossman 1976) Let

Parameters Description x} _fi (g, x5, %3, ., ), (8) = x
S(t) the number of susceptible individuals at time t PRt 1o 14
I(t) the number of infected individuals at time t 1 g
R(t) the number of recovered at time t x; =f1(x1, X3, X3, ..., 1), X3(Lg) = X324
Tty treated class at time t
b Sgac)s;s;rfailzgscepllble recruited individuals to be xs} —f3(x1, %2, X3, ..., 1), x3(to) = X34
a constant recovery rate
B rate of contact that is suffcient to transmit the
disease i
b rate at which the vaccine wears offs 1 —
d death rate due to diarrhea disease X = (X1, %2, X3, ., 1), X (o) = X
I P2 of natural death. o Let D denote the region in [(n+1)-dimensional space one
t ;:l‘:ciar:a‘:’;é"h‘he susceptible population is dimension for t and n mensions for the vector x]. If the
. L afi .
U rate at which infected people are treated partial derivatives a_" .1, ] =12,.., n are continuous D =
A Recruitment rate by birth or immigration !q
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{(x,1),/t-ty/=a, x-xu/=b }. ﬁen there is a constant & >0 such
that there exists a unique continuous vector solution

x = [21(2), x2(£), 23 (1), ..., xn(1)]

Theorem 2.

Let

% =f, =(1—b)Aa— PBsI(t) + bV(t) — wu,S(t) — ps(z)
% = £, = BSI(t) + (c+ w)I(t) — (=+ w,)I(t) — pOI(E)
% =f, = (& + u, JI(t) + TT(t) — pR(L)

ar

o p@I(E) — TT(t) — pl(t)

with initial conditions S(to) = So, I(to) = lo, R(ty) = Ro,
T(to) =To.

D = {(S,|,R,T),//S-Sy/< a, /I-ly/s b, R-BRy/< ¢, /T-Ty/<

e}

Then equation has a unique solution.

Proof:

For

£(SLRV,T)= (1 —b)A— BSI(t) + bV(t) — u,5(t) — ps(e)
j —BIO) — u;— p

ai = —BS(®) Zi; =0

8n ofi _

w=P =0

£(5LRT) = BSI(t) + (o + W) I(t) — (=+ uy)I(t)— poI(t)

fz = BI(®

az af
E__psy E=o
afs
E

£(SLRT) = (a+u)I(E) + T() — pR(E)
fs
2 =0

7Ry
%: a T+ ZL; =—u
9 _ s _

w0 T

£(S,L R T) =ba +1,5(8) — bVT() — uv()
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os _ o Ofs _

av ar

Hence the problem has taken a unique solution and Pe
model is mathematically and epidemiologically well posed.

3.3 Calculations and analysis

The point of free equilibrium is the state at which there are
no infections in the population. For the population to be
deprived of the pathodfF, the infected states will be
assumed to be zero The stability of an equilibrium point can
be determined based on the eigenvalues matrix. System we
have with model nonlinear differential equations it can be
determined by linearizing using a Jacobi) matrix. This
Dysentery diarrhea epidemic model has two equilibrium
points, namely the disease-free equilibrium point and the
endemic equilibrium point. By deﬁnltlon eqmllbrlum point

equations are derived from — =0, E =0, E =0, E =0,

i—: =0. To determine the eqmllbnum point, the equation is

formed into, % = 0. Therefore | = 0. At this state, the only

non-zero class is the susceptible class. so we have
g;tained value §* = ”;% order to get the asymptotic state,

right hand side of equation will be equated to zero.

The point of disease-free equilibrium is a condition
in which no more illness attacks or no more infected
individuals if | =0 substituted to the previous equation then
obtained: S = % . Then if I=0 substituted to the previous

equation : R=0 So that obtained point of equilibrium free of
disease that is
Eo= (% ,0.0,0)

The endemlc equilibrium point is a condition in
which the invading disease still exists and is still spreading
if 1#0 then we have

B o= (52 (@) B+ K

H(a+d+L)/B(a+d+L), (B + K)Ba-pa(a+d+p), Bu(a+d+L)).

3.4 Optimal Control For Dysentery diarrhea epidemic
Model
In this Section we use the optimal control theory to
investigate the behavior of the model syste ur main
goal is to vaccinate as many susceptibles as to minimize
the number of infected individuals due to diarrhea and the
cost of this strategy. The action of this drug can be
controlled optimally by applying the maximum principle of
Pontryagin. The maximum principle of Pontryagin is a

%: u, condition such that it can be obtained by completion of
s optimal control in accordance with objective of
% =0 Zi: = maximizing performance index [9], . The state equation is:
o I .

0h _ (s % _ . X = f(x(t), u(t), t) dan x = R he state equation becomes
av aT T
£.(S.L,RT) = p@I(t) — TT() — ui(t) S

_ I

fs — I x = |p| or we have
a a T
’5 =—Bs® E=o0
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(1 —p)a— gsi(e) + vv(e) — w,5(t) — ws(e)
Ipsi(t) + (@ + wi(e) — (a+ w)1(t) — poit)
I = (o +u)1(t) +27() — ur()
poI(t) — vT(5) — ui(t)

The terminal time T, the problem is to minimize the
objective functional J given as:

T

Jlugu gl = [(I[{} +

[

al _, a2
up +
1 T2

> u,z]d:

It is also further assumed that there is limitations on the
minimum rate of vaccine, freatment, and prevention
controls in a given time period T. Hence, a bounded
Lebesgue measurable control set is represented as
U={u=(u,n,)0 < u, < yy;max,i = 1,2}

Where @= (SIR-T) solves equation for the specified control
u. In the intervention of ols the solution ¢ = (SIR-VT)
depends on the controls. ai = 0 represents the weights on
the benefit and cost. “u,2 is minimization of cost of
vaccine and vaccine rate; a_—zulz igFpinimization of cost of
treatment and treatment rate. The goal is to find an optimal
control pair us=(u, *, |q-).

The representation of the optimal controls relies on
Pontryagin’s maximum principle [12]. To apply this we need
to convert the optimal control problem into a problem of
minimizing point-wise a Hamiltonian, H, with respect to u.
The Hamiltonian associated to our problem is:

H = Lx(t) u(t). t) +
Ly A0 (fi(x(0) ult).t)
=1(t) + % u + Zuy? 4
Y5 Af (S LRV, T, u)
=1I(t) + “—,lul"-’ + “—fulz +
Afi(S.LR,T,u) +
Aofo(S, LR, T u) +
Agfa(S, LR, T u) +
Adfa(S. LR, T u) + Asfs(S. LR, T\ u)

=I(r)+ﬂuz+Eu2+J (1-p)a- psi(t)
= > 4 1 b B

+bv(t) = u,s(t) - ps(t)

+ ApIpsi(t) + (a + ui(t)

= (a4 u,)1(r) - poi(t)

+ Ag(a 4w )1 (t) + w7(t) = pr(t)
+ AacbA + u,S(t) = bvT(e) - pi(t))

Based on [13] [14], if the control u* and the corresponding

A= —ﬁ—xr_,(f =12,..n)
L
% = E,(; =12,..,n)
So we have
(A — A3)l
—v =0
(A4 = A1

0,

u' =4 w', 0< <u, max

(4 — 43)!

u, max, Tzu, max
0, A;b=0
u,' = u;", 0<A3b<u, max
u, max, Ay b = u; max

_aminimum.

ISSN 2277-8616

2
state % are an optimal couple, necessarily there exists a
non-trivial adjoint vector A = ( Ay, Az, As Ay) satisfying the
wing equality.
is can be rewritten in compact notation as another equation.
Next, we check the optimal control and we find that it is indeed

— uol aohat

sl tennfeksi

[}
1] M0 X0 WO 400 S0 G0 00 B0 W00 000

Fig. 2. Simulation model of malaria distribution before
being given control

Fig. 3. Simulation model of malaria distribution after being
given control

4 CONCLUSION P
Deterministic epidemic model (SIR-T) was considered to
gain more insight into the effect treatment of infected
individuals on the dynamical spread of diarrhea in a
population. This suggests that vaccine should be given as
early as possible immediately after birth before the
exposure toffsamrhea infection treatment to be given must
be effective in order to minimize the spread of the disease
and the cost.
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